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Abstract

Invasive species have been highlighted as a major driver of global environmental change and economic damages, spurring

governments worldwide to increase prevention and control investments. Unfortunately, recent research is frequently in a form

inaccessible to policy-makers and managers. The complexity of analysis and resulting time requirements can be prohibitive,

especially given increasing numbers of invaders and potential invaders. The open challenge is to find the balance between

complexity and usability. Herein we derive several general brules of thumbQ that permit rapid initial guidance while still

capturing critical features of invasions. We condense ecological complexity to a relatively small number of easily understood

and estimated parameters, provide general qualitative bioeconomic behavior of invasions, and present basic response surfaces

that can provide guidance for prevention and control investments.

D 2005 Elsevier B.V. All rights reserved.
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1. Introduction

Recognition that species invasion is a critical

driver of global environmental change has focused

attention on the inadequacy of current national and

international management schemes for invasive spe-

cies (Sala et al., 2000). Scientists and policy-makers
0921-8009/$ - see front matter D 2005 Elsevier B.V. All rights reserved.

doi:10.1016/j.ecolecon.2005.04.017

* Corresponding author. Fax: +1 514 398 5069.

E-mail addresses: brian.leung2@mcgill.ca (B. Leung),

finnoff@uwyo.edu (D. Finnoff), jramses@uwyo.edu (J.F. Shogren),

dlodge@nd.edu (D. Lodge).
agree that efforts to prevent new introductions of

species should be increased dramatically (National

Invasive Species Council, 2001). Simultaneously,

widespread appreciation exists today that many exist-

ing invasions require even more vigorous control

efforts, even with improved prevention (National

Invasive Species Council, 2001). This awareness

raises a central question for invasion biology—

what resources should be allocated to prevention

and control? This has become timely with newfound

commitment to improved prevention and control

efforts enshrined in recent US national laws (e.g.,

National Invasive Species Act, 1996; Plant Protec-
55 (2005) 24–36
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tion Act, 2000) and international agreements (Inter-

national Plant Protection Convention, 1997).

Unfortunately, it is not straightforward for poli-

cy-makers to draw on basic research on invasive

species to improve prevention and control efforts.

This is particularly apparent with respect to deter-

mining relevant resource appropriations because

much of the research has not been designed to

inform management. This difficulty suggests that

timely scientific research needs to be more accessi-

ble to policy-makers. The problem tends to be that

analyses are complex and involved, requiring a

significant time investment unlikely to occur given

numerous on-going and potential invasions needing

management.

Policy-makers could benefit from brules of

thumbQ that reduce the ecological complexity to a

reduced number of easily understood parameters.

For instance, Parker et al. (1999) provided a useful

way to think about invasion risk (I =R�A�E,

where I is impact, R is range size, A is average

abundance, and E is the effect per individual),

similar to risk assessments of chemical contami-

nants. Although biological details are necessarily

condensed, the reduction in complexity makes the

framework more useable and able to provide rapid

initial guidance.

Our goal is to derive rules of thumb that provide a

simple framework, yet incorporate key characteristics

necessary for effective invasive species management.

In general, research on invasive species has been

deficient in at least three major ways regarding the

guidance of prevention and control efforts: 1) an

almost exclusive focus on the impact of existing

invasions, such that prevention is largely left unad-

dressed; 2) insufficient incorporation of human values

(e.g., by way of social economics) into analyses of

both prevention and control; and 3) too great a reli-

ance on the limited number of rigorous case studies,

from which general management principles are diffi-

cult to extract.

Most biological and economic research, however,

continues to be focused on quantifying the impact of

existing invasions rather than analyzing the potential

for future invasions and their impact (Kolar and

Lodge, 2002). To maximize the cost-effectiveness of

management, the costs and effectiveness of prevention

and control need to be considered. Recent quantitative
bioeconomic analysis of the on-going zebra mussel

invasion of North America, for instance, suggests that

prevention of spread is drastically underfunded

(Leung et al., 2002).

Most existing invasive species research is either

purely biological or purely economic, and does not

adequately combine human values with ecological

analysis (Lodge and Shrader-Frechette, 2003). With-

out considering both costs and benefits to humans of

nonindigenous species, and without considering the

impact of invasive species on both market and non-

market values (including environmental goods and

services), a recipe for cost-effective combinations of

societal investments in prevention and control cannot

be derived.

Finally, few examples of bioeconomic analysis of

invasions exist where both prevention and control

options are considered (but see Leung et al., 2002;

Finnoff et al., 2005). The time and expense required

for detailed research on each and every invasive spe-

cies suggests management decisions will continue to

be based on partial information. Meta-analyses of

biological information from existing case studies pro-

vide some guidance, e.g., (Bouzaher et al., 1993;

Kolar and Lodge, 2002). For instance, Kolar and

Lodge (2002) examined existing data on fish inva-

sions to determine the life history traits that may

promote invasion probability into the great lakes.

Unfortunately, existing studies that combine biologi-

cal and economic data are too few for meaningful

meta-analysis. Theoretical examination of bioeco-

nomics in which alternative scenarios can be explored

should prove helpful as general guidance for invest-

ment in prevention and control efforts on invasive

species.

Herein we explore what insight and rules of

thumb we can gain from a model of optimal control

and prevention. We reduce invasive species and

their management to a tractable set of realistic

parameters that are common to most invasions.

We then derive brules of thumbQ that provide

rapid practical guidance to help develop the man-

agement of invasions. We: 1) develop analytic solu-

tions to optimal strategies for investments in

prevention and control of invasive species; 2) de-

scribe the general qualitative bioeconomic behavior

of invasions, including the general relationships

among important easily quantified variables; and
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3) derive rules of thumb and simple response sur-

faces that natural resource managers can use for

decisions about prevention and control of specific

invasive species under different combinations of

conditions.
2. Methods

2.1. Biological rationale for functional forms

To provide useful results, specific functional forms

are necessary to represent relationships between vari-

ables. Herein there are two critical relationships: that

between prevention effort and probability of invasion,

and that between control and reduction in damages. In

selecting appropriate functional forms, the criteria

identified by Lau (1986) were employed: 1) Theoret-

ical consistency, 2) Domain of applicability, 3) Flex-

ibility, 4) Computational facility, and 5) Factual

conformity. These criteria correspond with the ques-

tions: 1) Does the functional form possesses all the

theoretical properties required for an appropriate

choice of parameters? 2) Does the relevant region of

the algebraic functional form satisfy all the require-

ments for theoretical consistency? 3) Can the chosen

form bapproximate arbitrary but theoretically consis-

tent behavior through an appropriate choice of the

parametersQ? 4) Is it easy to estimate from the data,

and can it be manipulated and interpreted analytical-

ly? 5) Is it consistent with known facts?

Further, to produce rational rules of thumb, func-

tional forms were selected that capture key character-

istics of the invasion process and management

responses: 1) the transition from an uninvaded to an

invaded state, 2) how invasion affects welfare, defined

as market and non-market values, and 3) prevention

and control efforts—the options available to natural

resource managers. Following these criteria we de-

scribe: 1) desirable general characteristics for the

model, 2) functional forms that incorporate these

characteristics, and 3) explanations relating the func-

tional form to the desired characteristics.

2.2. Control

Consider two states of the world, uninvaded and

invaded, where a manager expends effort to reduce
potential damages due to an invasive species. Define

welfare (w) under the uninvaded (u) and invaded (i)

states per time interval as a function of both the value

of the system and the expenditure on management

effort:

wu ¼ Vu � Cp ð1Þ

wi ¼ Vi � Cc

Vi ¼
Vu

1þ de
and de ¼ da þ db

1þ aCc

ð2Þ

where Vu is the value of the uninvaded state per time

interval of the system. C is the total expenditure on

prevention (subscript p, only for the uninvaded state)

and control (subscript c, only for the invaded state).

Let de represent the decrease in value of the system

due to invaders (i.e., damages), in which da is an

asymptotic minimum level of damages, db is the

controllable damage, and a is effectiveness per dollar

of control.

The functional forms in Eq. (2) have several de-

sired characteristics. Non-zero values of da reflect

situations when damages cannot be reduced to zero,

regardless of control. When da and db are zero, there

are no damages and welfare in the invaded and unin-

vaded systems is equal. Investments in control (Cc)

reduce damage, with diminishing returns. If Cc is

zero, damage is not reduced.

To place more structure on the problem, consider

zebra mussel invasions into lakes with power plants

(Leung et al., 2002). For a basic valuation of the

system (V), one could use the market value of the

power plantTs annual power production, although V

could also include non-market values such as reduced

biodiversity. Damage due to the invader (d) might

occur due to clogging of pipes, which reduces water

intake, efficiency of the plant, and power output. The

cost of control could be implementation of chemical

controls or cleaning. As more resources are spent on

control, the damage is reduced. As a generalization,

however, we consider the situation where damages

may not be reduced to zero (daN0). This might

occur for instance, if it were not possible to eliminate

all individuals, as might occur if recruitment were a

continual process.
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2.3. Prevention

The effective probability of invasion per time in-

terval Pe is represented by:

Pe Cp

��
¼ Pa þ Pb

1þ bCp

ð3Þ

where Pa is the asymptotic minimum probability of

invasion, Pb is the portion of the initial probability of

invasion that can be prevented, b is effectiveness per

dollar of prevention, and Cp are the resources spent on

prevention.

The functional form in Eq. (3) treats invasions as a

probabilistic process (ranging from zero to unity).

Management uses prevention to reduce the probability

of invasion; more prevention reduces the chance at a

decreasing rate. Consider two cases—the probability

of invasion decreases asymptotically to zero, or it

approaches an asymptote significantly greater than

zero.

To put this into concrete terms, we turn to the

zebra mussel example again. The probability of

invasion (P) is due to propagule pressure, or the

number of propagules reaching our lake of interest.

There may be multiple pathways resulting in inva-

sions. For instance, invasion from the major path-

way boat traffic (Pb) may be reduced by cleaning

boats before they enter the lake. As more time (and

money) is spent cleaning a boat (Cp), the probability

that propagules are transported is reduced. However,

as effort increases efficiency decreases as portions of

the boat are cleaned multiple times. Thus, there are

diminishing returns to cleaning the boat. Further-

more, bird migration may be a secondary minor

pathway, as propagules may be carried in mud

attached to the feet of birds (Pa). Prevention strat-

egies based on cleaning boats would not reduce

the component of invasion probability due to birds,

although it generally reduces the probability of

invasion.

Prevention affects the probability of being unin-

vaded and consequently the expected cumulative wel-

fare over time. Given a per time interval probability of

invasion Pe, the probability of remaining in the unin-

vaded state QV decreases over time according to:

Q V Pe Cp

��
;t
��
¼ 1� Pe Cp

�� �� t ð4Þ
Optimal prevention effort is determined to maxi-

mize cumulative welfare W over time. Cumulative

welfare is the welfare of a state multiplied by the

probability of being in that state (invaded or unin-

vaded), discounted and summed across all time inter-

vals of the time horizon T. Management selects a level

of prevention Cp to maximize cumulative welfare:

W ¼
XT
t¼0

qt 1� Pe Cp

�� �� t
wu

h

þ 1� 1� Pe Cp

�� �� t
��
wi

i
ð5Þ

where q is the discount factor, related to the discount

rate d by q =1/(1+d).
If eradication and restoration are impossible – typ-

ical of invasions in many ecosystems, especially aquat-

ic ecosystems (e.g., we cannot eradicate zebra mussels

from an entire lake, and have been able to control but

not eradicate sea lamprey from the Great Lakes) – the

optimal expenditure on control Cc is independent of

prevention or the probability of invasion (i.e., we only

consider Cc in the invaded state). In contrast, optimal

expenditure on prevention Cp depends on the welfare

of both the invaded and uninvaded states because there

is a chance to move to the invaded state. Optimal

prevention depends on the cost and effectiveness of

control. We first consider the problem of the invaded

states and control, which can be calculated indepen-

dently of prevention; then we address the problem of

uninvaded states and prevention.
3. Analysis

The first step of the analysis derives necessary

expressions describing optimal control and preven-

tion strategies. Subsequently, a comparative static

analysis (i.e., how optimal choice variables change

given a change in an exogenous parameter value) is

employed to determine the relationships between para-

meters and optimal effort, summarized in Table 1.

Finally, specifics of the type of empirical data that

might be collected are considered, modifying the find-

ings into forms accessible and useful to natural re-

source managers. Taken together rules of thumb are

presented detailing when actions might be justified

(i.e., what range of parameters), and what level of

effort might be appropriate.



Table 1

Rules of thumb relating optimal expenditure to parameter values

Optimal control expenditure

! Increases with value of the system (e.g., the value could be the

annual output from power plant in the absence of the invader).

! Decreases with uncontrollable damages (e.g., due to random

chance, not all individuals may be killed regardless of our

efforts).

! Depends upon damages (e.g., reduced power output due to

zebra mussel clogging pipes), but will not exceed 1/4 the

original value of the system.

! Proportional expenditure (expenditure/initial value of the

system) forms a parabolic relationship with controllable damage

and effectiveness of control.

! Is zero if the effectiveness per cost (e.g., proportion zebra

mussels killed for a given level of chemical treatment, see

Eq. (16)) scaled by the initial value of the system (aV) is less
than 4.

Optimal prevention expenditure

! Is strongly dependent upon degree of preventability of invasions
(e.g., cleaning boats may prevent invasions due to boat vectors,

but not due to bird vectors. Thus, increases in boat cleaning (the

prevention strategy) do not reduce the probability of invasion to

zero).

! Not influenced by the probability of invasion for infinite time

horizons and completely preventable invasions (k =0).
! Decreases as the probability of invasions become more

unpreventable (k N0).
! Does not exceed 1/2 value of the uninvaded system (e.g., value

could be the annual output from a power plant).

! Is unimodal with respect to bV (e.g., b could be the

reduction in probability of zebra mussels invading a lake, for a

given investment in boat cleaning, see Eq. (26)), if there is

unpreventable invasions (k N0), but is asymptotic with respect

to bV if invasion is preventable (k =0).
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3.1. Control: optimal solution

Given an invasion with no possibility of eradication

and restoration, cumulative welfare (Eq. (5)) becomes:

W ¼
XT
t¼0

qt wi�½ ð6Þ

As all terms in wi are time invariant, optimal control

effort is constant over time, reducing the problem to a

static representation — discounting and time horizons

do not affect optimal decisions. Maximizing W with

respect to control yields the first order condition:

BW

BCc

¼Vu adb 1þaCcÞð �2
1þdaþ db

1þ aCc


� �2
#"
�1¼ 0

ð7Þ
As expected, Eq. (7) requires a manager to allocate

resources to control until the last dollar spent equals

the marginal welfare gained from reduced damages.

For daN0, the positive root of this expression

allows us to solve for an explicit solution for optimal

control effort:

α(1 + da)cC* =
dbαVu – db _ (1 + da) .

(8)

We see control effort increases with the initial
value of the system Vu, and decreases as the minimum

asymptote of damages da increases (see Appendix and

Table 1). If da=0, however, the optimal control

expenditures become:

αcC* =
dbαVu  – (1 + db)

α
(1 + db)dbVu  

  α≡

(9)

3.2. Control: comparative statics and descriptive

patterns

Comparative statics are employed to examine the

relation between parameters, put bounds on expendi-

tures, and identify regions of parameter space where

control is warranted. For daN0, by expressing optimal

control as a fraction of the initial value of the system

CEXP, we obtain a metric comparable across system

values:

CEXP ¼ Cc
*

Vu

¼ 1

1þ da

ffiffiffiffiffiffiffiffi
db

aVu

s
� db

aVu

3
5

2
4 � 1

aVu

ð10Þ

Eq. (10) says control has a parabolic relationship with

respect to db and with aV (see Fig. 1 and Table 1).

Increases in Vu reduce the minimum level of effec-

tiveness of control required for non-zero control

expenditures (Fig. 1). This occurs because it is the

combination of effectiveness per dollar and the initial

value of the system that determines the CEXP spent

(Eq. (10)). Increases in da decrease CEXP (compare

Fig. 1 subfigures).

For da=0, the bounds of the parameter range are

determined as are the maximum and minimum CEXP

values (Fig. 1). The minimum aV above which one

should invest in control is ðaVuÞmin ¼ ð1þdbÞ2
db

. The
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Fig. 1. The relation between critical parameters (Vu, a, da, db) and
optimal proportional expenditure on control (CEXPV). It is the

combination of control effectiveness per cost (a) scaled by initial

uninvaded value of the system (aVu) that determined CEXP (Eq.

(10)). aVu combinations were plotted against reducible damage (db)

for (da=0, 0.5, and 1) to illustrate the range of responses and the

effect of da. Logarithmic transformations for a and db were used.

Control expenditure was expressed as a proportion of the initial

value of the system (CEXPV).
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peak in CEXP for aV occurs when aVu ¼
4 1þdbÞð 2

db
;

inserting this value into Eq. (10) (da=0), the maxi-

mum CEXP across all values aVu of is:

CEXPmax
aVu

¼ db

4 1þ dbÞð ð11Þ

Maximum proportional control expenditures are as-

ymptotic to one fourth; that is, at most one quarter of

the initial value of the system should be expended on

control (Fig. 1, top panel and Table 1).
Alternatively, the range of db in which con-

trol should be performed occurs when db ¼
aVu�2Þð F

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aVu aVu�4Þð

p
2

. For these roots, the minimum com-

bination of effectiveness and initial value is aVu=4,

above which the range of db where action is warranted

increases with aVu. Between these bounds the peak in

CEXP occurs when db ¼ aVu

4
. Inserting this value into

Eq. (10) the maximum in CEXP is given by:

CEXPmax
db ¼ 1

4
� 1

aVu

ð12Þ

Again, at the peak db value, optimal control expendi-

tures can increase asymptotically to a maximum of

one quarter the initial value of the system (Fig. 1 and

Table 1). Following similar logic, CEXP is negative if

aVu is less than 4, indicating that control should not be

performed, as the minimum expenditure on control is

zero (Table 1).

Suppose we cannot adapt to all damages (i.e.,

daN0). Assuming da is positive decreases the param-

eter space in which control is warranted. The mini-

mum aV above which control should be implemented

is aVuÞð min ¼ ð1þdaþdbÞ2
db

and the peak in CEXP

occurs when aVu ¼ 4ð1þdaþdbÞ2
db

with resulting peak:

CEXPmax
aVu

¼ db

4 1þ daÞð 1þ da þ dbÞð ð13Þ

The parameter range of justified control decreases, as

does the maximum CEXPV level. Similarly, the range

of db where control effort should be employed is also

smaller than with non-zero da, restricted to lie between

db¼ aVu�2 1þdaÞð Þð F
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
aVu aVu�4 1þdaÞð Þð

p
2

. The maximum in con-

trol effort continues to occur where db ¼ aVu

4
, and has

magnitude:

CEXPmax
db ¼ 1

4 1þ daÞð � 1

aVu

and C
max
db; c ¼ Vu

4 1þ daÞð � 1

a
ð14Þ

Adding an asymptotic minimum of damages serves to

reduce the maximum optimal expenditures on control

because these damages (da) are not reduced by control.

3.3. Control: rules of thumb

To provide insight, it is necessary to link param-

eter values to data managers might collect. Rules of
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thumb are illustrated using the special case of da=0,

in which two dimensions are sufficient to identify

optimal control.

From Eq. (10), optimal expenditure CEXP depends

on damages db, and the combination of aVu. From

existing information and similar invasions elsewhere,

a manager might have a reasonable indication of the

expected value of a system before and after an inva-

sion, in the absence of control. A more intuitive

measure of the invader effect than the absolute value

of potential damage d might be the proportional value

of the system after invasion (=Vi
0/Vu) in the absence

of control (Cc=0). From Eq. (2), setting da=0, the

expression is given by:

V 0
i =Vu ¼

1

1þ db
ð15Þ

where Vi
0 is the value of the invaded system in the

absence of control. Eq. (15) says, for instance, if the

maximum controllable damage were db=4, the value

of the invaded system would be 20% of the uninvaded

one, in the absence of control.

Of course, the objective is to determine the effect

and appropriate level of control. To do so, it is nec-
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proportional expenditure on control (CEXPV) can be determined. Each

expenditure is the same along the contour). This was plotted assuming da
essary to estimate the effectiveness per dollar spent

(a). From Eq. (2), a is the proportional change in

damage divided by the cost:

a ¼ 1

Cc

db � de

de
ð16Þ

To determine Eq. (16) we may either have a direct

measure of damage (e.g., from Eq. (15)), or some

surrogate (e.g., expected change in the population

size due to control effort). For instance, if damage

were related linearly to population size, and the pop-

ulation size were reduced to one quarter of some

estimated pre-control level at a cost $100,000, then

a would be 1
100;000

1�1=4
1=4 ¼ 3

100;000 (where costs would

be expressed in dollar units). More generally, if

enough data existed across a range of costs, the rela-

tion in Eq. (2) could be fitted using least-square

techniques.

Combining Eqs. (10), (15), and (16), a response

surface can be generated, with expenditure isoclines

(Fig. 2). A manager deciding how much to spend on

control of an invader would line-up proportional

reduction in value of the system due to an invader

in the absence of control (Vi
0/Vu) with the effective-
100 150

caled by Univaded Value (αVu)

trol Warranted

0

0.03
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0.15

0.18
0.210.24

CEXP Isocost Levels

hing up the proportional value of the invaded system (calculated as

by the initial value of the uninvaded system (aVu), the optimal

contour represents a CEXP Isocost (i.e., the optimal proportional

=0. For other values of da, Eq. (10) can be used.
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ness per unit cost scaled by the initial value of the

system (aVu). Table 2 summarizes parameter values

and calculations.
Table 2

Summary of information needed to determine control and preven-

tion expenditures

Parameter Description Source

Information needed for optimal control

Vu Value of uninvaded system Data

Vi
c Observed value of invaded

system after some

expenditure Cc

Data

Vi
0 Value of invaded system

in absence of control

Data

Cc Cost of control to improve

value from Vi
0 to Vi

c

Data

db Damage caused by the

invader in the absence of

control. See also Eqs. (2)

and (15).

¼ Vu

V 0
i

� 1

de Damage caused by the

invader after expenditure

Cc on control. See also

Eqs. (2) and (15).

¼ Vu

V c
i

� 1

a Effectiveness per unit cost

of control. See also Eq. (16).
¼ 1

Cc

db � de

de

Cc*V Optimal expenditure on

control. See also Eq. (9). ¼
ffiffiffiffiffiffiffiffiffiffi
dbVu

a

r
� 1þ db

a

Information needed for optimal prevention

Vu Value of uninvaded system Data

Pb Probability of invasion in

absence of prevention

Data

Pe Effective probability of

invasion, after prevention

Data

Cp Cost of prevention to reduce

probability of invasion from

Pb to Pe

Data

b Effectiveness per unit cost of

prevention. See also Eq. (26).
¼ 1

Cp

Pb � Pe

Pe

wi Welfare in the invaded state

for a single time interval. wi

will depend upon control

expenditure. See also Eqs. (1)

and (2).

=Vi�Cc

Cp*V Optimal expenditure on

prevention, given welfare in

the invaded state (wi). See

also Eq. (20).

¼ Vu � wi

2
� 1

2b

Where the bSourceQ column indicates bDataQ, values must be esti-

mated empirically, otherwise the calculation necessary is provided.

We present the simpler case where asymptotic prevention and

control is zero (i.e., probability of invasion and magnitude of

damage can be reduced to zero).
3.4. Prevention: optimal solution

A long-standing question in invasion management

is addressed in this section—if an invasion will even-

tually occur, why should any resources be spent on

prevention? Unlike control, prevention is an inherent-

ly dynamic problem because it influences transitions

between states (i.e., uninvaded to invaded state).

Optimal prevention depends on the cost and effec-

tiveness of control, which determines the welfare in

the invaded state (wi). With a constant probability of

invasion and sufficiently long time horizons so the

cumulative probability of invasion is effectively cer-

tain, we can use solutions to infinite series to simplify

the problem.

Given a time horizon of sufficient length, quasi-

stationarity occurs, and the optimal strategy that max-

imizes cumulative welfare becomes constant. For trac-

tability, an infinite time horizon is considered,

although any time frame long enough to result in

almost certain invasion would be sufficient. Using

Eq. (5), as wu and wi are constant, cumulative welfare

becomes:

W ¼ wu � wiÞð
Xl
t¼0

qt 1� Pe Cp

�� �� t þ wi

Xl
t¼0

qt

ð17Þ

Employing the solution to infinite series
Pl

t X t ¼
�

1= 1� Xð ÞÞ, the objective function becomes:

W ¼ Vu � Cp� wi

�� 1þ bCp

1þ bCp

��
1� q þ qPaÞð þqPb

��
þ wi

1

1� q½ � ð18Þ

Optimal prevention Cp* is found using the first order

condition of Eq. (18) and applying the quadratic

equation:

Cp
* ¼

1�qþqPaþqPb
��
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
qPb qPb þ 1� q þ qPaÞð 1þ b Vu � wiÞð Þð �½

p
� b 1� q þ qPaÞð Þð

(19)

Finally, this expression is simplified by assuming the

asymptotic minimum probability of invasion Pa is

zero so that optimal prevention Cp*V becomes:

Cp*V ¼
b Vu � wiÞð � 1

2b
u

Vu � wiÞð
2

� 1

2b
ð20Þ
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Fig. 3. The relation between critical parameters (wi, Vu, k, and b) and
optimal proportional expenditure on prevention (CEXPV). Three

magnitudes of the relative proportion of irreducible probability of

invasion (k =Pa/Pb) were presented (k equal to 0, 0.001, and 10) (Eq

(22)). Logarithmic transformations for the effectiveness of preven-

tion effort (b) and proportion of welfare after an invasion (w i/Vu)

were used. Prevention expenditure was expressed as a proportion of

the initial value of the system (CEXPV). Note that the y-axis scale is
different for the lower panel, to allow the response to be visualized
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3.5. Prevention: comparative statics and descriptive

patterns

Comparative statics based on Eq. (19) may be too

complicated to be useful. The problem is simplified

by assuming a zero discount rate and by defining Pa

as a proportion of Pb (Pa=kPb) so that:

Cp* ¼ k þ 1ð Þ �
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k 1þ b Vu � wiÞð Þð

p
� kbð Þ ð21Þ

Increasing k (equivalently increasing Pa or decreasing

Pb) lowers the parameter range where prevention is

warranted. As predicted by the comparative static

results (see Appendix), optimal prevention increases

monotonically with net welfare (Vu�wi) and has a

unimodal relation with b (Table 1).

The relation is illustrated by bounding the expen-

ditures. As for control, we express expenditures as a

proportion of the initial value of the system CEXP:

CEXP ¼
k þ 1�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1þ k 1þ bVu 1� wi

Vu

�� ��s

� kbVu

ð22Þ

Here, the maximum CEXP increases asymptotically

with proportional damage (Fig. 3). Further, the opti-

mal expenditure is strongly influenced by the degree

of preventability (Pa, k), and decreases as k increases.

If the asymptotic probability of invasion is zero

(Pa=0, k =0), Eq. (22) simplifies to:

CEXP ¼ 1

2
1� wi

Vu

� 1

bVu


�
ð23Þ

In this case optimal prevention is unaffected by the

probability of invasion (Table 1). Optimal prevention

is determined by the proportional value of the system

after invasion (wi/Vu), given control strategies and

the effectiveness per unit cost scaled by the initial

value of the system (bVu). The asymptotic peak in

CEXP is 0.5, when welfare is reduced to zero, and

the combination of effectiveness and initial value of

the system is sufficiently high (Fig. 3, top panel and

Table 1). Lower bounds in these dimensions are:

wi

Vu

�� min

¼ 1� 1

bVu

ð24Þ
.

.

and

bVmin
u ¼ 1

1� wi

Vu


� ð25Þ

3.6. Prevention: rules of thumb

For the case of k =0, the relation between pa-

rameter values and empirical data is straightfor-
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ward. Let b be determined in an analogous manner

as for a:

b ¼ 1

CP

Pb � Pe

Pe
ð26Þ

Plotting the proportional value of the system after an

invasion (wi/Vu) against the effectiveness per unit

cost scaled by the initial value of the system (bVu)

allows the generation of reasonably intuitive cost

isoclines (Fig. 4) and rules of thumb (Table 1). wi

depends upon forecasted control effort (e.g., using

optimal control, Eq. (21)). Table 2 summarizes pa-

rameter values.
4. Discussion and conclusions

Herein a general model was employed to develop

rules of thumb about when to prevent and when to

control invasive species; it provides a mathematical

basis for expected ecological and economic behavior

and remains relatively straightforward. Our rules can

help guide policy and management decisions by con-
densing biological and economic complexity into a

few manageable bioeconomic parameters and by iden-

tifying their general interactions.

Such reduced form rules necessarily cannot explic-

itly reflect all the biological details involved in eco-

system and biodiversity management; in an ideal

world a manager has complete information, time, and

expertise to conduct full analyses on every possible

invader. In reality, decision makers never have all the

details they need when forced to make decisions over

complex bioeconomic systems. Our approach con-

denses information into generic rules to help frame

the overall problem. This allows initial decisions to be

formulated rapidly, until more detailed information can

be examined. The ability to make more rapid decisions

matters because the default action – do nothing –

carries its own risks. Our rules of thumb provide

some guidance to help reduce this danger. Further,

these rules allow a manger to prioritize efforts to

identify which systems to focus more detailed re-

search. This is especially relevant given the numerous

actual and potential invaders — given time and re-

source constraints restrict information collection.
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For species that warrant more detailed research,

one consideration is different model forms. Many

functional forms are possible to describe relations

between variables (Lichtenberg and Zilberman,

1986); choosing between forms is challenging due

to statistical complexity and theoretical uncertainty

in our choices, (e.g., Granger et al., 1995; Phillips

and Smith, 1996). In the absence of specific informa-

tion, the functional forms we use provide a reasonable

approximation. Following general selection criteria

(Lau, 1986), the model yields rules of thumb and

captures the key characteristics of the invasion process

and the effect of control and prevention.

The next challenge is to bfield testQ this framework

using actual policy-makers. The rules provide extra

structure to help a managerTs overall decision making

process. This should supplement their current choice

framework and give them another tool to help make

choices more cost-effective and protective. An actual

application of the rules by a manager relative to the

traditional decision making process seems worthwhile.

A next step in our research is to explore a pilot

experiment in which real world managers combines

their insight with these rules to help guide decisions

over the control and prevention. Such an experiment

can help us to refine the rules and improve their

usefulness for actual invasive species policy decisions.
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Appendix A

We use comparative static analysis on the first

order condition to explore the influence of parameters

on optimal control. Applying the Implicit Function

Theorem (IFT) to the first order condition,

BW

BCc

¼ Vu adb 1þ aCcÞð �2
1þ da þ db

1þ aCc


� �2
#"

� 1 ¼ 0 ðA1Þ
let the expression be represented by the function

F(Cc; a, da, db, Vu)=0. The required second order

condition is given by,

BF

BCc

¼ � 2a2dbVuð1þ daÞ½1þ da þ db

þ aCc 1þ daÞð ��3
b0 ðA2Þ

The comparative statics are:

BCc

Ba
¼ � Fa

FCc

¼ db þ 1þ daÞð 1� aCcÞð
2a2 1þ daÞð

)
1� aCcÞð N0Z N0

1� aCcÞð b0Z b0

(A3)

BCc

BV
¼ � FV

FCc

¼ db þ 1þ daÞð 1þ aCcÞð
2aVu 1þ daÞð N0 ðA4Þ

BCc

Bda
¼ � Fda

FCc

¼ � 1þ aCc

a 1þ daÞð b0 ðA5Þ

BCc

Bdb
¼� Fdb

FCc

¼ 1þdaÞð 1þaCcÞð �db

2adb 1þ daÞð

)
1þ daÞð 1þ aCcÞð NdbZN0

1þ daÞð 1þ aCcÞð bdbZb0

(A6)

Eq. (A3) has an ambiguous sign that depends on the

sign of (1�aCc). When this expression is positive,

optimal control expenditures will be increasing in

their efficacy, when it is negative they will be decreas-

ing. As would be expected, greater initial system

values imply greater the control expenditures, and

changes in the minimum asymptote of damages neg-

atively influence expenditures on control. Finally,

control has a parabolic relationship with respect to

db. Whenever (1+da)(1+aCc) is greater (less) than

db, optimal control is increasing (decreasing) as db

increases.

To consider optimal prevention, we reduce the

dimensionality of the problem and in this case abstract

from the influence of temporal preferences. This

allows the manager’s objective function to be rewrit-

ten as,

W ¼ Vu � Cp � wi

�� 1þ bCp

1þ bCp

��
Pa þ Pb

��
þ

Xl
t¼0

wi ðA7Þ
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The relevant first order condition for prevention em-

ployment is then,

BW

BCp

¼ �
1þ bCp

� �2
Pa þ Pb þ bPb 2Cp � Vu þ wi

� �
1þ bCp

� �
Pa þ Pb

�� 2

¼ 0 ðA8Þ

Letting the first order condition be given by Fp(Cp; b,
Pa, Pb, Vu, wi)=0, and allowing subscripts to indicate

derivatives, the sufficient condition is,

F
p
Cp

¼ �
2bPb Pa þ Pb þ bPa Vu � wiÞð

��
1þ bCp

��
Pa þ Pb

�� 3
b0 ðA9Þ

Again we employ the IFT to elicit the following

comparative statics. The influence on optimal preven-

tion expenditures for a change in the efficacy of

prevention, all else constant, is described by,

BCp*

Bb
¼ �

F
p

b

F
p
Cp

¼
Pa � Pb
� �

Vu � wið Þ � Cp 2Pb þ Pa 2þ b Vu � wið Þð Þ
� �

2b Pa þ Pb þ bPa Vu � wið Þð Þ
(A10)

The sign of the effect is ambiguous and depends on

the relationships,

N0 if
Pa � Pb

��
Pa

Vu � wi � 2Cp

��
NbCp Vu � wiÞð

ðA11Þ

b0 if
Pa � Pb

��
Pa

Vu � wi � 2Cp

��
bbCp Vu � wiÞð

Prevention will be increasing in its efficacy if preven-

tion expenditures are both less than one half of net

welfare (initial system value less welfare in the invad-

ed state) and at low levels, and the lower asymptote on

the probability of invasion is low. If the lower asymp-

tote on the probability of invasion is high and pre-

vention expenditures are high optimal prevention will

be decreasing in its efficacy. If we assume Pa=kPb,

(A11) becomes,

N0 if
k þ 1ð Þ

k
Vu�wi � 2Cp

��
NbCp Vu � wiÞð ;

b0 if
k þ 1ð Þ

k
Vu � wi � 2Cp

��
bbCp Vu � wiÞð

ðA12Þ
The influence on optimal prevention of the lower

asymptote of the probability of invasion, all else

constant, is captured by the condition,

BCp*

BPa
¼ � F

p
Pa

F
p
Cp

¼
1þ bCp

��
1þ bCp

�� 2
Pa þ Pb þ bPb 3Cp � 2 Vu � wiÞð

��
2bPb Pa þ Pb þ bPa Vu � wiÞð Þð

(A13)

The sign of the effect depends on the relationship

between the magnitude of control expenditures and

net welfare. The effect will be positive if 1þ bCp

�� 2

Pa

Pb þ 1þ 3bCp

��
zb2 Vu � wiÞð Þ and negative when

the inequality if reversed.

Optimal prevention will be positively influenced

by Pb (portion of the initial probability of invasion

that be alleviated through the application of preven-

tion efforts) if,

BCp*

BPb
¼ �

F
p

Pb

F
p
Cp

¼
Pb þ 1þ bCp

��
Pa 1þ b Vu � wiÞð Þð þ bPb 2Cp � Vu � wiÞð

��
2bPb Pa þ Pb þ bPa Vu � wiÞð Þð

(A14)

has a positive sign. This occurs whenever 1+2Cpb+
(1+bCp)(P

a/Pb)(1+b(Vu�wi))zb(Vu�wi), to be

expected with higher levels of prevention effective-

ness. Interestingly, higher levels of Pa also contrib-

ute to a positive relationship. The effect will be

negative if reverse conditions are maintained.

We combine the influence of initial system value

and welfare in the invaded state into a single metric of

their net. Optimal prevention is always increasing in

net welfare, shown by,

BCp

B Vu � wiÞð ¼ �
F
p

Vu�wiÞð
F
p
Cp

¼ Pa þ Pb þ bCpP
a

2 Pa þ Pb þ bPa Vu � wiÞð Þð N0

ðA15Þ
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